Theory of end-labeled free-solution
electrophoresis: Is the end effect important?
Mykyta V. Chubynsky and Gary W. Slater
Department of Physics, University of Ottawa,
150 Louis-Pasteur, Ottawa, Ontario, Canada, K1N 6N5
November 24, 2013

Corresponding author:
Dr. Mykyta V. Chubynsky
email: chubynsky@gmail.com
fax:

+1-613-562-5190

Keywords:
ELFSE, elution time, end effect, FSCE, hydrodynamic interactions.

Abbreviations:
DT

Drag-tag

ELFSE

End-labeled free-solution electrophoresis

FSCE

Free-solution conjugate electrophoresis

Total number of words: 5720
1

Abstract

In the theory of free-solution electrophoresis of a polyelectrolyte (such as the
DNA) conjugated with a “drag-tag”, the conjugate is divided into segments of
equal hydrodynamic friction and its electrophoretic mobility is calculated as a
weighted average of the mobilities of individual segments. If all the weights are
assumed equal, then for an electrically neutral drag-tag, the elution time t is
predicted to depend linearly on the inverse DNA length 1/M. While it is
well-known that the equal-weights assumption is approximate and in reality the
weights increase towards the ends, this “end effect” has been assumed to be
small, since in experiments the t(1/M) dependence seems to be nearly perfectly
linear. We challenge this assumption pointing out that some experimental
linear fits do not extrapolate to the free (i.e., untagged) DNA elution time in
the limit 1/M → 0, indicating nonlinearity outside the fitting range. We show

that a theory for a flexible polymer taking the end effect into account produces
a nonlinear curve that, however, can be fitted with a straight line over a limited
range of 1/M typical of experiments, but with a “wrong” intercept, which
explains the experimental results without additional assumptions. We also
study the influence of the flexibilities of the charged and neutral parts.
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1

Introduction

Since the electrophoretic mobility of a uniformly charged polyelectrolyte (e.g., the DNA) is
length-independent for all but the shortest lengths [1, 2], electrophoretic DNA separation is
normally carried out in sieving media, such as gels or polymer solutions. A possible
alternative, known as End-Labeled Free-Solution Electrophoresis (ELFSE) or Free-Solution
Conjugate Electrophoresis (FSCE), is to attach the DNAs to identical objects (drag-tags)
of a mobility different from that of the untagged DNA [3, 4, 5]. For instance, a neutral or a
positively charged drag-tag would slow down the DNAs of different lengths by different
amounts (the shorter the DNA, the more the influence of the drag-tag), thus leading to
separation. Experimental tests of this idea have been conducted using different types of
drag-tags, for example, a globular protein streptavidin [6, 7]; unfolded peptides, both
neutral [8, 9, 10] and charged [11]; branched polypeptoids [12]; micelles serving as
transiently bound drag-tags [13]; and gold nanoparticles [14]. To date, ELFSE has been
used to separate ssDNA of up to 265 bases with single-base resolution [11], but further
progress requires both experimental effort and better theoretical understanding. For the
latter, theories and computer simulations of electrophoresis of composite objects are
necessary. Besides generic theories not making specific assumptions about the drag-tag [3]
and the simplest case of a flexible diblock copolymer [15, 16, 17, 18] in a weak field, the
problems considered theoretically so far include globular [15, 19] and branched [20, 18]
drag-tags, separation and stretching of a drag-tag–DNA composite in a strong
field [21, 22, 23, 24], and drag-tags attached to both ends of the DNA [25]. Besides ELFSE,
such studies can also be useful for understanding other situations of practical interest
involving objects consisting of two or more parts with different electrophoretic properties,
for instance, different variants of affinity electrophoresis [26, 27, 28, 29, 30].
Many of the theoretical treatments mentioned above are based on the theory of
electrophoresis of polyampholytes developed by Long et al. [16, 31]. Suppose that the
Debye length is sufficiently small and the polymer is sufficiently flexible that it can be
divided into homogeneous pieces (or “blobs”) each of which is a flexible coil, with the radii
of gyration of all blobs being the same and much larger than the Debye length. The
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polymer can then be represented as a Gaussian chain of beads with identical entropic
springs connecting the beads, but, generally speaking, different electrophoretic mobilities of
the beads (equal to the mobilities of the corresponding pieces). In that case, it was shown
that the mobility of the polyampholyte is a weighted average of the mobilities of the
individual beads [16, 31]:
µ=

N
X

Ψi µ i ,

(1)

i=1

where Ψi is the weight and µi the mobility of bead i, N is the total number of beads, and
PN
i=1 Ψi = 1. If one further assumes that the weights of all the beads are equal,
Ψi = 1/N,

(2)

then for a diblock copolymer with N1 beads in the first block and N2 beads in the second
block (N1 + N2 = N), the mobility is
µ=

N1 µ(1) + N2 µ(2)
,
N1 + N2

(3)

where µ(1) and µ(2) are the mobilities of the blocks. In particular, if the first block is the
DNA and the second one is a neutral drag-tag of a fixed length, then µ(1) = µDNA , µ(2) = 0,
N1 ≡ NDNA is proportional to the DNA size in bases or base pairs, M, and N2 ≡ NDT is
constant, so

µ=

M
µDNA ,
M +α

(4)

where α is a constant characterizing the drag-tag. In a capillary electrophoresis
experiment, the elution time t for a constant capillary length is inversely proportional to
the mobility, and therefore,

α
t0 ,
t= 1+
M

(5)

where t0 is the elution time of the untagged DNA. Thus, t is predicted to be linear in the
inverse DNA length.
The equal-weights assumption is strictly true for a circular polymer, since in that case all
beads are equivalent, but for a linear chain calculations show that the weights increase
towards the chain ends and, in fact, diverge at the ends [31]. This is known as the end
effect [16, 31, 32]. One would expect this to have some influence on the t(1/M)
4

Figure 1: Experimental dependence of the ratio of the elution times of the ssDNA-drag-tag
complex and the untagged ssDNA as a function of the inverse DNA size 1/M. Streptavidin
drag-tags were used. The line is a linear fit to the data (points). Reprinted from Ref. [7].

dependence. Surprisingly, published experimental data for ssDNA attached to a
streptavidin drag-tag (reproduced in Fig. 1) give a nearly perfectly linear dependence,
which seems to indicate (at least at first glance) perfect agreement with the simple theory
neglecting the end effect. It is for this reason, perhaps, that the end effect was ignored in
most theoretical considerations. One notable exception is a paper by McCormick and
Slater [32], which, however, did not address explicitly the issue of the apparent linearity of
the t(1/M) dependence.
A closer inspection of Fig. 1 reveals, however, a striking peculiarity: contrary to what
Eq. (5) predicts, the apparent intercept of the linear dependence of t/t0 on 1/M is not
unity. Obviously, as 1/M → 0, t/t0 should approach unity, since the influence of the

drag-tag should vanish in that limit. This is a common-sense result, independent of any

particular theory. The only way to reconcile it with Fig. 1 (assuming that t0 was measured
correctly) is to admit the existence of some nonlinearity in the t/t0 (1/M) dependence: the
data for longer DNA (smaller 1/M) should deviate from the straight line approaching
t/t0 = 1 as 1/M → 0. In Ref. [7], the deviation of the apparent intercept of the fit from

unity was attributed to the residual EOF that may still exist despite the use of a coated
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capillary. Another possibility is a charge on the drag-tag that would make the dependence
nonlinear [3, 7]. While these possibilities cannot be ruled out completely, we argue in this
article that the result in Fig. 1 can be explained entirely by the end effect, without
assuming the existence of an EOF or a drag-tag charge. Our explanation seems all the
more likely given that a very similar result (linearity with a “wrong” intercept) was also
observed in a different experiment with a different drag-tag (a branched polypeptoid) [12].
The structure of this paper is as follows. In the next section we review the approach we use
for calculating the end effect, which is essentially identical to that used by Long et
al. [16, 31]. In Sec. 3 we first present our results for the mobility of a flexible diblock
copolymer and then compare to the cases when the polymer is semiflexible, a rigid rod, and
also when either part is rigid and the other is flexible. We end the paper with a discussion
and the outlook.

2

A Zimm model for the end effect

We first review the approach of Long et al. [16, 31], adapting the Zimm model of polymer
dynamics [33].
Consider a set of connected beads placed in a stagnant fluid of viscosity η in a uniform
electric field E. The connections can be entropic springs, but they can also be rigid rods
and, in fact, the whole set can form a rigid rod or an object of another shape — this is
unimportant for our general considerations. What is important is that the set of beads
moves as a single object on average. There are four types of forces acting on each bead.
First, the electrophoretic force, which would move a single bead i taken alone with the
velocity µi E, where µi is the electrophoretic mobility of the bead. Second, the mechanical
force Fi due to the connections of bead i with other beads. Third, there is a drag force
−ζi (Vi − Vi0), where ζi is the mechanical friction coefficient of bead i, Vi is the velocity of

the bead, and Vi0 is the velocity of the fluid in the vicinity of bead i due to the motion of

other beads. Fourth, there is a random (thermal) force ξ i that vanishes on average. In the
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overdamped limit, the total force on the bead should be zero, and this gives
Vi = µi E + (Fi + ξi )/ζi + Vi0 .

(6)

The fluid velocity Vi0 is given approximately by
Vi0 ≈
where
1
Ĥij =
8πηrij

X

Ĥij (Fj + ξ j ),

(7)

j6=i



rij ⊗ rij
ˆ
I+
, i 6= j,
rij2

(8)

is the Oseen tensor [34]. Here Iˆ is the unit tensor and rij is the vector connecting beads i
and j. Defining also the diagonal elements Ĥii as 1/ζi , we can rewrite Eq. (6) as
V i = µi E +

X

Ĥij (Fj + ξ j ).

(9)

j

Averaging both sides of this equation, we get
hVi i = µi E +

X
hĤij (Fj + ξj )i.

(10)

j

We now make a crucial assumption, known as the Kirkwood-Riseman approximation [34],
that hĤij (Fj + ξj )i ≈ hĤij ih(Fj + ξ j )i = hĤij ihFj i, and thus,
V = hVi i ≈ µi E +

X
j

hĤij ihFj i.

(11)

Here we have used the fact that all beads move together on average, and thus their average
velocities are identical, hVi i ≡ V. If all directions of rij are equiprobable, the Oseen tensor
becomes a scalar after averaging:

δij
1
hĤij i ≡ Hij =
+
ζi
6πη



1
rij



(1 − δij ),

(12)

where δij is the Kronecker delta symbol. Solving Eq. (11) for hFi i, we get
hFi i ≈

X
j

Gij (V − µj E),

(13)

where the matrix G is the inverse of the matrix H:
Gij = (H −1 )ij .
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(14)

Summing over all beads,
F≈

X
i,j

Gij (V − µj E),

(15)

where F is the sum of all mechanical forces acting on the beads, which is equal to the
external mechanical force on the system. If there is no such external force (F = 0) and our
set of beads only moves due to the electric field, then
P
i,j Gij µj
V= P
E
i,j Gij

and for the mobility µ = V /E we get Eq. (1) with the weights
P
Gij
Ψj = P i
.
i,j Gij

(16)

(17)

Conversely, when there is no electric field (E = 0), but F 6= 0, we get
F=

X

Gij V,

(18)

i,j

and thus
ζ=

X

Gij

(19)

i,j

is the mechanical friction coefficient, as first calculated for a Gaussian chain by Zimm [33].
According to Eq. (17), all that is required to calculate the weights Ψj is to find the
averaged Oseen tensor matrix Hij and invert it numerically to get Gij . For the numerical
inversion we have used the LAPACK software library [35]. Calculating Hij using Eq. (12)
requires knowing the average inverse distances h1/rij i. In some cases, these are known

analytically. For example, for a Gaussian chain (i.e., a chain without excluded volume
interactions) with beads numbered sequentially along the chain,
s
 
6
1
1
=
,
rij
b π|i − j|

(20)

where b is the root-mean-square distance between adjacent beads [34]. For a rigid rod, all
distances are deterministic and if b is the distance between adjacent beads, then
 
1
1
=
.
rij
b|i − j|
8

(21)

In other cases, for instance, for a semiflexible polymer, 1/hrij i can be calculated

numerically, by sampling different conformations of the polymer. The diagonal elements,
Hii , require the friction coefficients of the beads, ζi . However, at least for a Gaussian chain
P
in the long-chain limit we expect the polymer friction coefficient ζ = i,j Gij to be simply

proportional to the radius of gyration of the polymer and independent of the properties of
P
the individual beads. Thus, in this limit, presumably, the weights proportional to i Gij

are also independent of ζi , which we have confirmed numerically. Therefore, ζi are

essentially free parameters (although, if they are chosen too large, the matrix H can
become singular [36]). It is convenient to choose ζi so that ζ converges to its infinite-chain
value calculated by Zimm [33] as rapidly as possible as the chain size is increased. As an
arbitrary but convenient choice, we assume that the beads are spherical, so their frictions
are ζi = 6πηa, where a is the radius of the spheres (identical for all beads). We find then
that the optimal choice is a ≈ 0.25b. For a rigid rod, it is natural to identify a with the

radius of the rod. Then the theoretical friction of the rod averaged over all directions is [37]
ζ=

3πηNb
.
ln(Nb/a)

(22)

Note that unlike for a chain, ζ for a rod should depend on a (albeit only logarithmically).
Unfortunately, that dependence is not reproduced in this simple approach. When we put
b = 1, η = 1, fix a and fit the ζ(N) dependence we obtain with
ζ=

A0 N
,
ln(N/A1 )

(23)

where A0 and A1 are fitting constants, then, while for A0 we do get values close to 3π, as
expected, we find that A1 , instead of changing linearly with a, actually has a much
stronger (exponential) dependence, with A1 ≈ 0.62 for a = 0.5, A1 ≈ 0.01 for a = 0.1, and

A1 ∼ 10−22 for a = 0.01. On the other hand, we do find that for a = 0.25 A1 /a ≈ 1. Thus,
fixing a at 0.25b is again an appropriate choice, and we use this value for all our
calculations.
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3
3.1

Results for the end effect
A flexible chain

For a flexible Gaussian chain, Long et al. [31] found numerically using the method
described in the previous section that the weights Ψi increase towards the ends of the chain
and diverge at the ends. Ultimately, this is due to the fact that beads at the ends have
fewer other beads nearby and therefore their hydrodynamic interaction with the rest of the
chain is weaker [31, 32].
In the long-chain limit (N ≫ 1), the weights become N-independent in the sense that it is

possible to introduce a continuous and N-independent function ψ(x) with 0 < x < 1 and
R1
ψ(x)dx = 1, such that
0


i − 1/2 .
N.
(24)
Ψi = ψ
N
In the same continuum limit, the mobility of the polymer can be found as
Z 1
µ=
ψ(x)µ(x)dx,

(25)

0

where µ(x) is the intrinsic mobility of the part of the polymer whose distance from the end
along the contour is a fraction x of the total contour length. Long et al. [31] found
numerically that for x → 0 ψ(x) diverges as x−1/4 (and similarly for x → 1), but did not

provide a full analytical expression for ψ(x) valid for all x. McCormick and Slater [32] used

an approximate expression for this purpose. In fact, it turns out that there is a remarkably
simple exact expression for ψ(x):
ψ(x) = Cx−1/4 (1 − x)−1/4 ,
where C =

√

(26)

π/[2Γ2 (3/4)] is a normalization constant and Γ is the gamma function. This

function ψ(x) is plotted in Fig. 2 together with the numerical results obtained by inverting
the average hydrodynamic interaction matrix for Gaussian chains with N = 20 and 50, as
explained in the previous section. The agreement is excellent and gets better as N gets
larger. Moreover, although it is not immediately apparent, this result can be found in
10
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Figure 2: Scaled weights NΨi (top x-axis and right y-axis) obtained numerically for Gaussian
chains of two different sizes. The line is ψ(x) (left y-axis and bottom x-axis) given by Eq. (26).

Zimm’s original 1956 paper [33] [see Eq. (92b) in that paper, which, up to a normalization
factor, is the inverse of our ψ(x), given that Zimm’s polymer contour variable r runs from
−1 to 1 and thus r = 2x − 1].
For the DNA of length M attached to a neutral drag-tag of a fixed length,


µDNA , 0 < x < M/(M + α),
µ(x) =

0 ,
M/(M + α) < x < 1,

(27)

where α = const. If the end effect is neglected, ψ(x) ≡ 1, and Eq. (25) gives Eq. (4), as

expected. On the other hand, using Eq. (26), we get
µ = µDNA

Z

M/(M +α)

0

or for the elution time,

−1/4

Cx

(1 − x)

−1/4

dx = µDNA

R M/(M +α)
0

R1
0

x−1/4 (1 − x)−1/4 dx

x−1/4 (1 − x)−1/4 dx

,

R1

x−1/4 (1 − x)−1/4 dx
0
.
t = t0 R 1/(1+α/M
) −1/4
−1/4 dx
x
(1
−
x)
0

(28)

(29)

Note that t/t0 is a function of α/M only. Equation (29) can be expressed through the
hypergeometric function [38], but it is also easy to simply calculate the integrals
numerically for different values of α/M. Still, it is instructive to consider analytically the
11

limits of a small (M ≪ α) and large (M ≫ α) DNA. In the first case, only small x enter

the integral in the denominator of Eq. (29). Then x−1/4 (1 − x)−1/4 ≈ x−1/4 , which gives
R 1 −1/4
x
(1 − x)−1/4 dx
3Γ2 (3/4)
t
√
=
≈ 0 R M/α
(α/M)3/4 ≈ 1.27(α/M)3/4 , M ≪ α.
(30)
−1/4
t0
2
π
x
dx
0

In the second case,

R 1 −1/4
x
(1 − x)−1/4 dx
t
0
≈ R1
R
−1/4 (1 − x)−1/4 dx − 1
t0
x
(1 − x)−1/4 dx
0
1−α/M
√
2 π
≈ 1+ 2
(α/M)3/4 ≈ 1 + 0.79(α/M)3/4 , M ≫ α.
3Γ (3/4)

(31)

Thus for large M, (t/t0 − 1) ∝ (α/M)3/4 and likewise for small M,

(t/t0 − 1) ≈ t/t0 ∝ (α/M)3/4 , although the proportionality factors are different. The

large-M result is particularly interesting, since it shows explicitly that not only is there a
nonlinearity in contrast to Eq. (5), but even the exponent in the limit M → ∞ is different
from unity. The derivative dt/dM is proportional to M −7/4 instead of M −2 expected for

the linear dependence. Since this derivative determines the peak resolution of the device, it
is expected to be better for large M than the theory ignoring the end effect predicts. This
has already been pointed out by Slater and McCormick [32]; a new result is that, at least
in theory, the resolution should be infinitely better at large M, since M −7/4 /M −2 → ∞ for
M → ∞, although how useful this is in practice is not obvious.

In Fig. 3 the solid curve shows t/t0 calculated numerically using Eq. (29) as a function of
α/M. It is seen that the dependence is strongly nonlinear, in contrast to that given by
Eq. (5) (which neglects the end effect) shown as a dotted line. Most strikingly, the slope of
the solid line becomes infinite in the limit α/M → 0, as expected for the (α/M)3/4

dependence. However, to compare to Fig. 1 we also included a linear fit (shown as a dashed
line) to the solid line in a limited range (indicated by the short vertical lines) chosen so
that t/t0 varies between ≈ 1.25 and ≈ 1.75, just as in Fig. 1 We note that the linear fit is

quite good in this range, but if the straight line is extrapolated to zero, the intercept differs
significantly from unity. Both these features are qualitatively similar to Fig. 1. In fact, the
slight curvature in the fitting range is also consistent with the data in Fig. 1 (this curvature
was mentioned in Ref. [7]). Quantitatively, the intercept is slightly higher (1.079 vs. 1.067),
12
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Figure 3: Theoretical dependence of the ratio of the elution times of the DNA–drag-tag
complex and the untagged DNA as a function of the normalized inverse DNA size. The
dotted line is Eq. (5), which corresponds to neglecting the end effect. The solid line takes
the end effect into account assuming that both parts are flexible [Eq. (29)]. The dashed line
is a linear fit to the solid line in the interval indicated by the two short vertical lines. The
DNA–drag-tag complex is drawn schematically at the top, with the drag-tag (DT) and DNA
parts indicated.

but this discrepancy is not surprising, given that we have assumed that the drag-tag is a
flexible polymer, whereas in Ref. [7] a globular protein was used. In fact, the ssDNA
cannot be considered completely flexible either, as its persistence length, while small
compared to, say, dsDNA, is still significantly larger than its thickness. Our result does
show that the explanation of results in Fig. 1 based on the end effect is plausible.
However, it is still desirable to study the sensitivity of the result to the properties of the
polymer and, in particular, to its stiffness. This is done in the next section. An additional
motivation for this study is provided by the results of Heller et al. [6] for the
double-stranded DNA, which is much stiffer than ssDNA. In this case the intercept of the
linear fit was found to be much closer to unity (in fact, even slightly below unity; see Fig. 1
in Ref. [6]). To compare different cases, we use the intercept of the linear fit to the
t/t0 (1/M) dependence with the fitting interval chosen as described above as a convenient
13

measure of the strength of the end effect: the closer the intercept to unity, the weaker the
end effect. For brevity, we will always be referring to the neutral part as the drag-tag and
the charged part as the DNA, even though we will be dealing with model systems whose
properties are very different from those of the actual drag-tags used so far and the DNA.

3.2

A rigid rod and a semiflexible chain

We now consider the opposite case of a stiff rod polymer. We assume that the whole
DNA–drag-tag complex is a single rigid rod with a charged part representing the DNA and
the neutral part representing the drag-tag. We first calculate the weights Ψi numerically, as
described in Sec. 2. The result for three different sizes N is shown in Fig. 4(a). First of all,
we find that unlike the case of a flexible chain, where for sufficiently large N the rescaled
weights fall onto a universal, N-independent curve [see Eq. (24) and Fig. 2], here the part
of the rod where the end effect is significant becomes progressively smaller (relative to the
total rod length) as N increases. Essentially, the end effect vanishes in the long-rod limit
(assuming that the thickness of the rod stays constant). This is actually related to the
known fact from the hydrodynamic slender-body theory [39] that the density of the force
exerted by the fluid on a moving rod is constant along the rod [note that Eq. (13) with
E = 0 can be rewritten as hFi i ∝ Ψi V]. Moreover, even for a finite N the divergence of the

weights at the ends is not as strong as for a flexible chain (logarithmic instead of
power-law). The data in Fig. 4(a) can be fitted with
s
ln BN/4
,
Ψi =
ln B(i − 1/2)[1 − (i − 1/2)/N]

(32)

where B = 13.34. This form shows that the absolute length of the regions near the ends
where the weights are significantly higher is N-independent (thus the relative length goes
as 1/N).
Figure 4(b) shows the result of the calculation of t/t0 as a function of the ratio of the
drag-tag length NDT and the DNA length NDNA , for the drag-tag length NDT = 50 beads.
Unsurprisingly, the nonlinearity is much weaker, and the intercept of the linear fit (not
14

shown in the figure) is much closer to unity (1.028 instead of 1.079), which may explain the
dsDNA result in Ref. [6].
For comparison, Fig. 4(b) also shows the same dependence for a semiflexible chain, with
both parts having persistence length p = 5 segments. For the bead radius a = 0.25 and the
segment length b = 1, this corresponds to the persistence length of about pb/2a = 10 chain
thicknesses, which is similar to (perhaps a bit higher than) that of a ssDNA [19]. To
calculate h1/rij i in this case, for each data point we generate 1000 or 10000 conformations
of a freely rotating chain [40] using the standard expression for the angle θ between
adjacent bonds,
cos θ = exp(−1/p).

(33)

The nonlinearity is stronger than for a rod, but much weaker than for a flexible chain (with
the curve for the latter repeated in this figure as a dotted line for ease of comparison). This
result shows that even a small amount of stiffness (similar to that of a ssDNA) can lead to
a large reduction of the end effect, even when the drag-tag length (which is NDT = 50 in
our calculation) is ten times larger than the persistence length of both the drag-tag and the
DNA. While at first glance this casts a doubt on the explanation of the results in Fig. 1 in
terms of the end effect, one has to keep in mind that unlike in our model, in the
experiment the ssDNA and the drag-tag had very different stiffnesses, with the drag-tag
being an essentially completely rigid globule. To make a more valid comparison, in the
next section we study the case when the DNA and the drag-tag have different stiffnesses
(although, unlike the experimental situation, the drag-tag is still linear).

3.3

A rod-coil conjugate

Consider now the case of a stiff rod attached to a flexible Gaussian chain (a coil). Assume
that the first N1 beads belong to the rod and the rest N2 belong to the coil. To calculate
h1/rij i, obviously, when both beads i and j belong to the coil part, Eq. (20) can be used,

and when both belong to the rod part, Eq. (21) can be used. When bead i belongs to the

15

2

(a)

N = 20
N = 100
N = 3000

Ψi

1.5

1

0

0.2

0.4

0.6

0.8

1

(i−1/2)/N

1.8

(b)
DT

DNA

t/t0

1.6

1.4

1.2

DT

DNA

1
0

0.2

0.4

0.6

0.8

NDT/NDNA

Figure 4: (a) Scaled weights Ψi obtained numerically for rigid rods of three different sizes,
normalized for ease of comparison so that the value in the middle of the rod is always unity.
The lines are given by Eq. (32). (b) Dependence of the ratio of the elution times of the
DNA–drag-tag complex and the untagged DNA as a function of the ratio of the drag-tag
and DNA sizes. The solid line is for a stiff rod [drawn schematically at the bottom, with
the drag-tag (DT) and the DNA parts marked]; the dashed line is for a semiflexible chain
(drawn at the top) with persistence length p = 5 and the drag-tag length NDT = 50 (see
the text for details); the dotted line is for a flexible chain. The first two lines are calculated
using the weights obtained numerically, except for the lowest 1/NDNA values for the stiff rod,
where Eq. (32) was used. The third line was obtained using Eq. (29). Note that the stiffness
of the semiflexible chain is strongly exaggerated in the drawing.
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rod and bead j belongs to the coil, h1/rij i can still be calculated analytically:


q
R∞ Rπ
r 2 exp[−3r 2 /2(j−N1 )] sin θ
3
 
√
drdθ
erf (N1 − i) 2(j−N1 )
r=0 θ=0
(N1 −i)2 +r 2 −2(N1 −i)r cos θ
1
R∞
=
,
=
rij
N1 − i
2r 2 exp[−3r 2 /2(j − N1 )]dr
0

(34)

where for simplicity the segment lengths b1 = b2 = 1 and erf is the error function.

Figure 5 shows the t/t0 dependence on the inverse DNA length 1/NDNA , both for the case
when the DNA is flexible and the drag-tag is rigid (which models the situation in Ref. [7]
and Fig. 1) and for the opposite case when the DNA is rigid and the drag-tag is flexible
(which represents better the case of unfolded peptide drag-tags [8, 9, 10] that are more
flexible than even ssDNA). In the first case, the nonlinearity is extremely high, with the
intercept of the linear fit at 1.123, even higher than for a flexible chain, while the fit itself is
rather poor. Conversely, in the second case the dependence is very close to linear for small
and moderate 1/NDNA , with the intercept essentially equal to unity.
The striking difference between the two cases seems all the more peculiar when one realizes
that they are not unrelated, but are, in a way, “mirror images” of one another. For a
rod-coil conjugate with N1 beads in the rod part and N2 beads in the coil part, the
mobility is given by
µ = Γ(N1 /N2 )µ1 + [1 − Γ(N1 /N2 )]µ2 ,

(35)

where µ1 and µ2 are the mobilities of the respective parts and the weight Γ(N1 /N2 ) of the
rod part is a function of N1 /N2 only. When the rod part is charged (“the DNA”) and the
coil part is neutral (“the drag-tag”), this expression reduces to
µrod+coil = Γ(NDNA /NDT )µDNA .

(36)

Here and below the charged part is underlined in the subscript. Similarly, when the rod
part is the drag-tag and the coil part is the DNA, we obtain
µcoil+rod = [1 − Γ(NDT /NDNA )]µDNA .

(37)

The corresponding elution times are
trod+coil
1
=
t0
Γ(NDNA /NDT )
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(38)

2

1.8
DT

t/t0

1.6

DNA

1.4
DNA

1.2

DT

1
0

0.005

0.01

1/NDNA

Figure 5: Dependence of the ratio of the elution times of the DNA–drag-tag complex and
the untagged DNA as a function of the inverse DNA size, for the case when the drag-tag
rod
part is stiff with a fixed length NDT
= 20 and the DNA is a flexible coil (circles; see the

corresponding schematic drawing at the top with the parts labeled) and for the case when the
coil
drag-tag is flexible with NDT
= 500 and the DNA is stiff (triangles; drawing at the bottom).
p
rod
coil
, respectively) are
Note that the hydrodynamic radii of the drag-tags (∼ NDT
and ∼ NDT

similar in these cases. All data points are calculated numerically, as described in Sec. 2,

using average inverse distances given by Eqs. (20), (21), and (34). The dashed lines are the
linear fits, with the actual ranges used for fitting shown as thicker solid lines.
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and

tcoil+rod
1
=
.
t0
1 − Γ(NDT /NDNA )

(39)

Therefore, the behavior of trod+coil /t0 at small 1/NDNA is related to that of tcoil+rod /t0 at
large 1/NDNA and vice versa. In particular, it is easy to check that if trod+coil /t0 were linear
for all NDT /NDNA with slope c, then tcoil+rod /t0 would have been linear as well, with slope
1/c. Therefore, the nonlinearity of the latter apparent in Fig. 5 is the consequence of the
nonlinearity of the former at large 1/NDNA , outside the range of the plot and thus not
obvious from it.

4

Summary and discussion

We have studied the influence of the hydrodynamic end effect on the mobility of a block
copolymer consisting of a neutral (“the drag-tag”) and a charged (“the DNA”) blocks, in
particular, its dependence on the DNA length M. The theory neglecting the end effect
predicts a linear dependence of the elution time t on 1/M; the nonlinearity of this
dependence is a measure of significance of the end effect. Looking at the effect of stiffness
of different parts, we find that this nonlinearity is strongest when the drag-tag is stiff and
the DNA is flexible, weaker when both parts are flexible, still weaker when both are rigid,
and the weakest when the drag-tag is flexible and the DNA is rigid. We also find that in
the case when both parts are flexible, even a slight increase in stiffness leads to a significant
decrease of the nonlinearity. At the same time, we have also noted that even in the cases
when the nonlinearity is rather strong (except perhaps in the case when it is the strongest),
linear fits over relatively narrow ranges of 1/M typical of experiments can be quite
successful. On the other hand, in the limit of very large M, the dependence is particularly
strongly nonlinear, with even the exponent being different [(t/t0 ) − 1 ∝ M −3/4 ], except

when the DNA is completely stiff, in which case the exponent appears to be unity in this
limit.
We believe that these findings are important for interpreting the results of a variety of
ELFSE experiments, especially since the stiffness of both the drag-tag (rigid globular
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proteins vs. flexible unfolded peptides) and the DNA (more stiff dsDNA vs. more flexible
ssDNA) varies between different experiments. In particular, for the experiment with
ssDNA and a globular protein drag-tag [7] (reproduced in Fig. 1 in this paper), both the
linear dependence of t/t0 (1/M) in the experimental range of M and the fact that the
intercept is significantly higher than unity can be explained by the end effect. Of all
situations we have studied, the closest to this experiment is the one with a rigid drag-tag
and a completely flexible DNA. While in that particular case the nonlinearity is too strong
for a good linear fit and the intercept of the (poor) fit is much higher than in the
experiment, we recall that both the nonlinearity and the intercept should decrease when
the stiffness of the DNA is taken into account and that even the ssDNA stiffness is
sufficient to change the intercept significantly. The result for the completely flexible case,
for which the intercept is lower and close to that observed experimentally, shows that in
that case the linear fit is quite successful. Our results also explain why the intercept is
lower for a stiffer dsDNA, as observed in Ref. [6].
Of course, it should be remembered that a globular drag-tag in Refs. [6, 7] is not the same
as a rigid rod, and therefore extending the consideration to the case when the drag-tag is a
solid (e.g., spherical) object is desirable. This is also relevant for micellar drag-tags [13].
While it is not immediately obvious that the approach of this paper is applicable to solid
objects, our preliminary results show that it is and the results for large M are qualitatively
and in some respects even quantitatively similar to those for a rod. Still, there appear to
be a lot of interesting details that we will discuss in a future publication. Another case of
interest is that of a branched drag-tag, as in Ref. [12].
For the situation when the DNA and the drag-tag have different mechanical properties, we
have only considered the extreme case when one of the parts is completely flexible and the
other completely rigid. In previous works neglecting the end effect [...], the case of
semiflexible parts with different persistence lengths was treated by dividing both parts into
“blobs” of equal hydrodynamic radii, treating each blob as the new “effective monomer”
and thus reducing the problem to that of a flexible chain with a constant monomer size.
This reduction should still apply in principle even when the end effect is taken into
account, but only if it is possible to subdivide both parts into blobs in such a way that both
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the number of persistence lengths per blob is large and the number of blobs is large as well.
This means that it is only strictly applicable when the length of each part is much, much
(and we cannot emphasize much enough!) larger than its persistence length. We note in
this respect that in our consideration of a semiflexible chain, the length of the drag-tag
(50) was quite large compared to the persistence length (5), yet the result was still
significantly different from that for the fully flexible chain.
A related approach used in the past [19] for situations involving a single neutral rigid
object attached to a flexible DNA coil divides the coil into blobs of the same hydrodynamic
radius (or, equivalently, the same hydrodynamic friction) as that of the rigid object and
then treats the whole conjugate as a flexible chain with the object treated as one of the
blobs, on equal footing with other blobs. Implicitly, this corresponds to assuming that
when the hydrodynamic frictions of the neutral object and the DNA are the same, the
mobility of the conjugate is equal to one half of the DNA mobility. Using our approach, we
can check if this is the case for a rod-coil conjugate, since it allows us to calculate both the
mobility and the frictions of the parts. We find that for the rod length of 20 monomers, the
DNA length at which the mobility is 1/2 of the DNA mobility is about 58, while the length
at which the frictions are equal is only slightly different at 63, so this assumption is indeed
rather accurate. Of course, as mentioned, for the resulting chain of blobs to be fully
equivalent to a long flexible chain (including the end effect), the number of resulting blobs
needs to be large (a situation unlikely to be encountered in practice).
In our considerations for flexible and semiflexible chains, we have considered them as
phantom chains neglecting excluded volume. Taking this into account is likely to modify
the exponent making it slightly higher than 3/4, but should not change the results
qualitatively otherwise.
One should also keep in mind that the approach we use is itself approximate, in particular,
because it involves the Kirkwood-Riseman approximation. Recently, Hickey et al. [41, 42]
have found that the predictions of the theory of Long et al. [31] agree qualitatively with
their simulations; in particular, they have verified the overall shape of the weight function
in Fig. 2 [42]. There are still some quantitative discrepancies, but they may come at least
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in part from approximations and assumptions of the simulation method itself. More
research in this direction is needed.
Experimental verification of our results should be relatively straightforward. Of particular
interest in this respect would be extending ELFSE experiments to much larger DNA sizes
(even if single-base resolution cannot be achieved for them) to study the elution time
dependence at very small 1/M. Another issue is the dependence of the end effect on the
stiffness of the DNA and the drag-tag, which can be studied by using different kinds of
drag-tags, as well as both ssDNA and dsDNA, and perhaps even replacing the DNA with
another polyelectrolyte (either more flexible or more stiff).
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Figure captions
Figure 1
Experimental dependence of the ratio of the elution times of the ssDNA-drag-tag complex
and the untagged ssDNA as a function of the inverse DNA size 1/M. Streptavidin
drag-tags were used. The line is a linear fit to the data (points). Reprinted from Ref. [7].

Figure 2
Scaled weights NΨi (top x-axis and right y-axis) obtained numerically for Gaussian chains
of two different sizes. The line is ψ(x) (left y-axis and bottom x-axis) given by Eq. (26).

Figure 3
Theoretical dependence of the ratio of the elution times of the DNA–drag-tag complex and
the untagged DNA as a function of the normalized inverse DNA size. The dotted line is
Eq. (5), which corresponds to neglecting the end effect. The solid line takes the end effect
into account assuming that both parts are flexible [Eq. (29)]. The dashed line is a linear fit
to the solid line in the interval indicated by the two short vertical lines. The
DNA–drag-tag complex is drawn schematically at the top, with the drag-tag (DT) and
DNA parts indicated.

Figure 4
(a) Scaled weights Ψi obtained numerically for rigid rods of three different sizes, normalized
for ease of comparison so that the value in the middle of the rod is always unity. The lines
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are given by Eq. (32). (b) Dependence of the ratio of the elution times of the
DNA–drag-tag complex and the untagged DNA as a function of the ratio of the drag-tag
and DNA sizes. The solid line is for a stiff rod [drawn schematically at the bottom, with
the drag-tag (DT) and the DNA parts marked]; the dashed line is for a semiflexible chain
(drawn at the top) with persistence length p = 5 and the drag-tag length NDT = 50 (see
the text for details); the dotted line is for a flexible chain. The first two lines are calculated
using the weights obtained numerically, except for the lowest 1/NDNA values for the stiff
rod, where Eq. (32) was used. The third line was obtained using Eq. (29). Note that the
stiffness of the semiflexible chain is strongly exaggerated in the drawing.

Figure 5
Dependence of the ratio of the elution times of the DNA–drag-tag complex and the
untagged DNA as a function of the inverse DNA size, for the case when the drag-tag part
rod
is stiff with a fixed length NDT
= 20 and the DNA is a flexible coil (circles; see the

corresponding schematic drawing at the top with the parts labeled) and for the case when
coil
the drag-tag is flexible with NDT
= 500 and the DNA is stiff (triangles; drawing at the
p
rod
coil
,
bottom). Note that the hydrodynamic radii of the drag-tags (∼ NDT
and ∼ NDT

respectively) are similar in these cases. All data points are calculated numerically, as

described in Sec. 2, using average inverse distances given by Eqs. (20), (21), and (34). The
dashed lines are the linear fits, with the actual ranges used for fitting shown as thicker solid
lines.

27

