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Abstract
Rigidity theory has helped in our understanding of the properties of network glasses. We analyze the connection between rigidity and
various non-random features in the network structure. Lack of small rings in the network can lead to a sharper rigidity transition. We
review a model of network self-organization that we have proposed, in which the existence of an intermediate phase that is rigid, but
stress-free, is predicted. Finally, we discuss recent experiments, in which this intermediate phase may have been observed.  2002
Elsevier Science Ltd. All rights reserved.

1. Introduction
The systems under consideration in this mini-review are
non-metallic glasses with covalent bonding, also known as
network glasses. In 1932, Zachariasen introduced the
continuous random network (CRN) [1]. In this model, the
structure is viewed as a network of bonds between atoms
that is topologically disordered (i.e. cannot be continuously
deformed into an ordered crystal), yet, as implied by the
word ‘continuous’, has no macro- or mesoscopic voids and
thus is about as dense as the crystal (Fig. 1). This has
become a well-established model mostly through extensive
diffraction studies [2].
In 1983, Thorpe [3] considered chalcogenide compounds of the type Ge x As y Se 12x 2y , where Ge stands for
any atom that is fourfold bonded, As any atom that is
threefold bonded and Se any atom that is twofold bonded.
An assumption is made that the most important forces
between the atoms are nearest-neighbor bond-stretching
forces and angular bond-bending forces (the dihedral, van
der Waals and other forces are neglected). Thus small
displacements from the equilibrium structure can be described by a Kirkwood [4] or Keating [5] potential, which
we can write schematically as
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b
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where Dl and Du are the changes in the bond length and
bond angle, respectively.
When twofold-coordinated Se atoms dominate, the
network is flexible, and does not resist external strain, so
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the elastic moduli are zero in this model and remain quite
small when the neglected forces are included [6], as
external strains can be accommodated without changing
covalent bond lengths and bond angles in the network. As
the chemical composition is changed and the concentration
of As and Ge atoms increases, at some point the network
becomes rigid and the elastic moduli reflect the strong a
and b forces in Eq. (1). This means that bond lengths
and / or bond angles must be changed, at a considerable
cost in energy, when the network is deformed. This
situation is described as rigidity percolation and can be
understood by the following analogy. In more familiar
connectivity percolation [7], a network of sites and bonds
is considered and clusters are defined as sets of sites such
that all sites in the set are connected by at least one path.
When the concentration of bonds increases, the sizes of the
clusters grow and at some point a cluster connecting
opposite sides of the sample emerges (i.e. percolation
occurs). This percolating cluster will be infinite in the
thermodynamic limit N → `. Similarly, we define a rigid
cluster as a set of mutually rigid sites. Again, as the
number of bonds increases, these clusters grow and
eventually a percolating rigid cluster emerges, and it is at
this concentration of bonds that the elastic moduli start to
become significant. This point was first described by
Phillips [8] as the composition for optimal glass formation.
Rigidity percolation has been studied in detail and some
computational methods have emerged to deal efficiently
with the phenomenon [*9,10,*11–*13]—this is described
in the next section. However, one concern that remains is
the way the networks themselves are modeled. CRNs, as
the name suggests, are supposed to be ‘random’, yet
exactly what is meant by ‘random’ has always been a little
mysterious. In early hand-built models using plastic ball
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Fig. 1. A continuous random network (CRN) consisting of atoms of coordination number 2 (black balls), 3 (gray balls) and 4 (white balls).

and stick units of various kinds [14,15], building started
from a seed and proceeded outwards. The model would be
rotated frequently, maintaining a roughly spherical shape
with the seed at the center. Each additional unit was added
in as haphazard a manner as possible at the perimeter of
the model while maintaining the desired local coordination. Indeed it was often thought that a glass of wine of a
suitable vintage drunk before and during the model building, as well as many distractions, would actually improve
the quality of the subsequent model! Later these models
were relaxed, using an appropriate potential [16] while
maintaining the topology established during the construction. This was the operational definition of ‘random’ and
great efforts were made to maximize the randomness,
consistent with network connectivity.
This philosophy was later extended to computer generated network models [17] where for example a large
supercell of crystalline silicon was reconstructed to
produce a model of amorphous silicon with periodic

boundary conditions. The original technique, known as the
Wooten–Winer–Weaire (WWW) algorithm [17], has since
been improved [18,19] and produces networks that are
considered good, as determined by comparison with diffraction results [20] and also by the reasonable results
obtained in electronic structure calculations [21]. This
approach can be extended to make any desired networks
by ‘decorating’ bonds with atoms to create two-coordinated sites and / or removing bonds to create two- and
threefold coordinated sites. This is somewhat unsatisfactory as it builds in the original topology of the unmodified
network. How can this be improved? Various impressive
ab initio approaches (such as Car-Parrinello [22]) produce
models that are still too small (with only |100 atoms) for
most purposes. The small size, coupled with the periodic
boundary conditions, leads to spurious internal strain.
Modifications based on linear-scaling electronic structure
calculations [23] or molecular dynamics with empirical
potentials [24] can alleviate the size problem, but are still
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too slow to achieve full relaxation of the network at
appropriate temperatures. Some hopes are being placed on
new methods of accelerated dynamics, such as the activation–relaxation technique by Barkema and Mousseau [25]
and other methods [26–28].
The purpose of the work reviewed here is more modest:
to see what effects deviations from randomness can have
on the properties of networks. We describe this nonrandomness as self-organization, as the glasses organize
themselves in such a way as to minimize their free energy
at the temperature of glass formation, which is sometimes
called the fictive temperature [29].
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[35], as was first done by Thorpe [3] following the work of
Phillips [8] on optimal glass formation.
The constraint counting proceeds as follows. There is a
single constraint associated with each bond. We assign r / 2
constraints to each r-coordinated atom. In addition there
are constraints associated with the angular forces in Eq.
(1). For a twofold coordinated atom there is a single
angular constraint; for an r-fold coordinated atom there are
a total of 2r 2 3 angular constraints [3]. The total number
of constraints is therefore

O n fr / 2 1s2r 2 3d g
4

(4)

r

r 52

The fraction f of zero-frequency modes is given by
2. Constraint counting and the ‘pebble-game’
algorithm

F O
4

f 5 3N 2

We start by examining a large random covalent network
that contains no dangling bonds, of the type
Ge x As y Se 12x2y , consisting of atoms of coordination 4, 3
and 2, as described earlier. The total number of atoms is N,
and there are n r atoms with coordination r
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and we can define the mean coordination
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We note that krl (where 2 # krl # 4) gives a partial but
very important description of the network. It has been
found to be the dominant determining parameter in describing many experimental results that relate to structure,
vibrations, hardness, the glass–transition temperature, etc.
[30–33]. This is sometimes referred to as the isocoordinate
rule [33,34].
As mentioned before, we describe the small displacements of the atoms by a potential of the form of Eq. (1).
The bond-bending force ( b ) in this equation is essential to
the constraint-counting approach for stability, in addition
to the bond-stretching term (a ). The other terms in the
potential are assumed to be much smaller and can be
neglected for many purposes. This division into strong and
weak forces is essential to our approach.
The solution of the eigenmodes of the potential of Eq.
(1) is a problem in classical mechanics [3,6,35], where the
dynamical matrix has a dimensionality of 3N, corresponding to the 3N degrees of freedom in the system. If
any eigenmodes having zero frequency are present in the
system, then the smaller terms in the potential will give
these modes a small finite frequency, thus warranting the
name ‘floppy modes’. The total number of zero-frequency
modes can be estimated by Maxwell constraint counting

n r f r / 2 1s2r 2 3d g

r 52

GY

3N

(5)

This expression can be conveniently rewritten in the
compact form
5
f 5 2 2 ]krl
6

(6)

where krl is defined in Eq. (3). Note that this result
depends only upon the combination krl 5 2 1 2x 1 y and
not on x and y separately, making krl the only relevant
variable. When krl 5 2 (e.g. Se chains), then f 5 1 / 3; that is
one-third of all the modes are floppy. As atoms with higher
coordination than two are added to the network as crosslinks, f drops and goes to zero at krl c 5 2.4. The network
then becomes rigid, as it goes through a phase transition
from floppy to rigid.
These ideas have been made rigorous using an exact
algorithm, the pebble game [*9,10,*11,*12]. This algorithm is applied to a particular network, which is then
decomposed into unstressed (isostatic) rigid regions, and
stressed (overconstrained) rigid regions, with flexible
joints between the rigid regions. It is found that the result
(6) is a good guide, and for example the randomly diluted
diamond lattice has a transition at a mean coordination of
2.375 [*36].
The case when atoms of coordination 1 are present can
also be treated [37]. In this case, Maxwell counting applied
straightforwardly gives
krl c 5 2.4 2 0.4n 1

(7)

where n 1 is the concentration of the singly coordinated
sites. This result is not completely reliable, though, since
long dangling chains may be present that do not contribute
to the network’s rigidity. The proper procedure would be
to strip the network of these chains until no singlycoordinated sites remain and applying Maxwell counting to
the residual ‘skeleton’ network. However, when n 1 is low
and the singly-coordinated atoms only bind to atoms of
coordination 3 and higher, Eq. (7) is good enough.
The order parameter characterizing the rigidity transition
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can be chosen, again by analogy with connectivity percolation, as the fraction of the network belonging to the
percolating cluster, or, alternatively, as the fraction belonging to the percolating stressed region (percolating set of
stressed bonds). Both these quantities are zero in the floppy
phase and non-zero in the rigid phase. In this case, there is
no discontinuity in these quantities at the transition, and
the transition is second order. Also, it was suggested [*38]
that the negative of the number of floppy modes can serve
as the free energy for the problem, and the order of the
transition can be determined from the behavior of this
quantity. This correspondence with the free energy has not
been proved in general except for the simplest cases [*38].

3. Ring-deficient networks
We have constructed networks for glasses like
Ge x As y Se 12x2y by randomly positioning points as shown

in Fig. 2. The main feature of these rather extreme
Random Bond Models (RBM) is that there are no finite
loops or rings of bonds in the thermodynamic limit N →`
and a RBM becomes equivalent to a Bethe lattice solution
which has been recently discussed [*36,*38,*39,40]. The
bond lengths are quite unrealistic, but as rigidity is
primarily a topological quantity, this does not make a
significant difference in itself when compared to real
networks that can be embedded in a three-dimensional
space. The rigidity transition in a RBM occurs in an
explosive-like manner, when an infinite rigid cluster
emerges all at once with the addition of a few constraints
(with no finite loops, there is no way to have a finite rigid
cluster in this case). So the rigidity transition is first order
on RBM networks. This is seen in both order parameters as
defined above (the fractions in the percolating rigid cluster
and percolating stressed region both have a jump at the
transition) and also in the number of floppy modes, whose
derivative is discontinuous at the transition. The transition

Fig. 2. A random bond model (RBM) consisting of atoms of coordination number 2 (black balls), 3 (gray balls) and 4 (white balls).
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occurs at krl c 5 2.3893, which is very close to where it is
in CRNs like that shown in Fig. 1.
The RBM, in particular, serves as a useful soluble model
for what may be expected when there is a deficit of small
rings. It would be desirable to construct more realistic
networks but with properties similar to the RBM. Real
networks inevitably have rings, yet not all of them are
equally significant: isolated rings of size larger than 6 are
floppy and can be a part of a rigid cluster only if they
border other rings, and the larger the ring, the more
bordering rings are needed. Therefore smaller rings are
important for creating local rigid regions that can act as
nucleating centers.
We have studied the effects of removing rings on a
diamond lattice, which has rings of even sizes 6, 8, 10, and
up, and then using the pebble-game algorithm to analyze
the resulting network [**41]. Starting from the diamond
lattice, we first remove those bonds that maximally decrease the number of small rings. After the desirable
number of rings of each size is reached, bond dilution is
continued in a random manner. The transition does indeed
sharpen up as the number of rings of sizes 6 and 8 is
decreased and looks first order when such rings are
completely absent. However, a tricritical point, where the
transition changes from first to second order has proved
elusive to pinpoint. In any case, if for some reason, the
structure of a glass is ring-deficient, the rigidity transition
is expected to be sharper and hence more robust. Note that
large numbers of edge-sharing tetrahedra in glasses like
Ge x S 12x are irrelevant for rigidity as the resulting fourfold
rings can be shrunk to a point. However as an indirect
result there are likely to be fewer rings of size 6 and above
in the network, and hence the transition is pushed in the
direction of being discontinuous.
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before any stress appears. When stress first appears, it
immediately percolates and at this point the stress percolation transition occurs. Thus we observe two separate
transitions, the rigidity-percolation transition at a lower
mean coordination and the stress-percolation transition at a
higher mean coordination, and in between these two
thresholds the intermediate phase forms, which is rigid,
but unstressed. This is illustrated in Fig. 3, in which the
fractions of sites in the percolating rigid cluster and the
percolating stressed region are shown as a function of the
mean coordination. It was already mentioned that these
quantities serve as order parameters. From this plot, the
rigidity transition is second order, is located at krl 5
2.37560.0015 and has the cluster-size critical exponent
b ¯ 0.185. The stress transition is much sharper, being
consistent with the exponent b 9 ¯ 0.11, but could very
well be first order; its position is at krl 5 2.39260.001.
Since there are no redundant constraints in the network
below the stress transition, the number of floppy modes
follows Maxwell counting exactly (which means it is
perfectly linear in krl as given in Eq. (6)). The rigidity
transition is not seen in the number of floppy modes, while
the stress transition is accompanied by the change in the
slope of f(krl), as would be expected for the first-order
transition (Fig. 4).
The intermediate phase has interesting mechanical
properties. Despite being rigid, the network in the intermediate phase has zero elastic moduli in the thermodynamic limit [**42,**43], so it can be said to be just
marginally rigid (of course, it is implied that the weak
forces are neglected). So again, only the upper stress
transition is seen in the elastic moduli. Of course in reality
in experiments, the intermediate phase will have small

4. Self-organizing networks
Within the pebble-game approach there is a rather
unique opportunity to construct stress-free networks without a huge computational overhead. The basic idea is to
start with a low-coordinated floppy network and add
bonds. This leads to rigid regions being formed and as long
as they are unstressed (isostatic) they are retained. By
unstressed, we mean that each bond length (angle) can
have its natural length (angle) without being forced to
adjust by the surrounding environment. If adding a bond
would result in that bond being redundant and hence create
a stressed (overconstrained) region, then that move is
abandoned. In this way the network self-organizes to avoid
stress. When no independent (non-redundant) bond can be
inserted, stress becomes inevitable and further insertion is
continued at random. More technical details of this procedure are presented in Refs. [**41–**43].
The results obtained for this model are as follows. First,
almost the whole network becomes isostatically rigid
before stress becomes inevitable, so rigidity percolates

Fig. 3. Fractions of sites in the rigid and stressed percolating clusters in
the self-organized model. The intermediate phase is shaded. Circles are
averages over four networks with 64 000 sites, triangles are averages over
five networks with 125 000 sites. The dashed lines are power-law fit
below the stress transition and for the guidance of the eye above.
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Fig. 4. The fractions of floppy modes per degree of freedom for the
diluted diamond lattice for both self-organized (solid line) and random
(dot–dashed line) cases. Various thresholds are shown with symbols:
rigidity (open circle) and stress (triangle) in the self-organized case and
the combined rigidity and stress threshold (filled circle) in the random
case. The Maxwell counting prediction (Eq. (6)) is shown with the dashed
line and the corresponding threshold is indicated with a square. The
intermediate phase in the self-organized case is shaded. The Maxwell
counting line (dashed) is seen only above the stress transition point in
self-organized networks, as below this point it coincides with the line for
the self-organized case.

non-zero elastic moduli because of the weaker neglected
terms in the potential, as discussed earlier.

5. Experimental results
It is possible that the intermediate phase mentioned in
this paper has been observed experimentally. Boolchand et
al. have carefully studied a number of systems by Raman
scattering and modulated differential scanning calorimetry
(MDSC), monitoring various quantities as the chemical
composition was varied. Their experiments are reviewed in
detail in [**44]. In particular, in Si x Se 12x glasses, they
observed two kinks in the composition dependence of the
Raman mode corresponding to the symmetric stretch of
Si(Se 1 / 2 ) 4 tetrahedra, at krl 5 2.40 and krl 5 2.54 [*45]
(Fig. 5a). Also, in their MDSC measurements in the same
system, they observed a broad minimum of the nonreversing heat flow measured across the glass transition,
and the minimum is bounded by the same values of krl
[*45] (Fig. 5b, filled circles). Boolchand et al. interpret this
as an indication of the intermediate phase, so that the
rigidity transition occurs at 2.40 and the stress transition at
2.54. Note that this range is wider than the theoretical
intermediate phase discussed earlier, but it is probable that
the theoretical model is just too simple to get all the details

Fig. 5. (a) Frequencies of two Raman modes corresponding to the motion
of corner-sharing tetrahedra in Si x Se 12x shown as a function of mean
coordination. (b) Non-reversing heat variation in Si x Se 12x (filled circles)
and Ge 0.25 S 0.75 – x I x (open circles) glasses. Both panels are adapted from
Ref. [**44].

correct. Wide minima in the non-reversing heat flow were
also observed in other systems (Ge–As–Se [46], Ge–Se
[*47,48], As–Se [49]), but apparently no sharp thresholds.
On the other hand, in the Ge 0.25 S 0.752y I y system [*50], the
minimum is very narrow (Fig. 5b, open circles) and it is
concluded that the intermediate phase is absent in this
system; the threshold is shifted down from 2.4 in exact
accordance with Eq. (7). Returning to Raman scattering, in
some cases the results seem to depend qualitatively on the
input laser power: in the Ge–Se system, two transitions are
seen at low power [48] and one at high power [*47] (the
latter case is shown in Fig. 6), which Boolchand et al.
explain by photomelting. Also worth mentioning are the
results by Wang et al. [*51] who measured the ratio of the
intensities at the maximum and minimum in the lowfrequency spectra (the Boson peak) and saw a single
threshold at 2.4 in both Ge–Se (Fig. 7) and Ge–S systems
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studying glasses, with plenty of ideas around and the status
and ubiquity of the intermediate phase in glasses under
debate. It is important in the future to try and establish the
stress-free nature of the intermediate phase, possibly by
experiments that directly show that all covalent bonds and
angles in the glass have their natural (unstrained) lengths.
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